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THE MODULARITY OF SPECIAL CYCLES ON ORTHOGONAL
SHIMURA VARIETIES OVER TOTALLY REAL FIELDS UNDER
THE BEILINSON-BLOCH CONJECTURE
YOTA MAEDA
Abstract. We study special cycles on a Shimura variety of orthogonal type over a
totally real field of degree d associated with a quadratic form in n`2 variables whose
signature is pn, 2q at e real places and pn ` 2, 0q at the remaining d ´ e real places
for 1 ď e ă d. Recently, these cycles were constructed by Kudla and Rosu-Yott
and they proved that the generating series of special cycles in the cohomology group
is a Hilbert-Siegel modular form of half integral weight. We prove that, assuming
the Beilinson-Bloch conjecture on the injectivity of the higher Abel-Jacobi map, the
generating series of special cycles of codimension er in the Chow group is a Hilbert-
Siegel modular form of genus r and weight 1` n{2. Our result is a generalization of
Kudla’s modularity conjecture, solved by Yuan-Zhang-Zhang unconditionally when
e “ 1.
1. Introduction
In this paper, we prove that, assuming the Beilinson-Bloch conjecture on the in-
jectivity of the higher Abel-Jacobi map, the generating series of special cycles in the
Chow groups of a Shimura variety of orthogonal type is a Hilbert-Siegel modular form
of half integral weight. These cycles were constructed by Kudla [17] and Rosu-Yott
[19].
Historically, Kudla and Millson studied the cohomology groups in [12]. Kudla con-
jectured the modularity of the generating series of special cycles in the Chow groups in
[16] and he proved it for one-codimensional Chow cycles, using the results of Borcherds
[5]. This conjecture is often called Kudla’s modularity conjecture. In his thesis [23],
Wei Zhang proved it for higher codimensional Chow cycles on Shimura varieties of
orthogonal type associated with a quadratic form of signature pn, 2q over Q by his
modularity criterion. His criterion works only over Q because its proof depends on the
results of Borcherds [4]. Yuan-Zhang-Zhang [22] extended Wei Zhang’s results [23] to
totally real fields. Their proof is similar to Wei Zhang’s proof over Q in view of using
induction on the codimension of Chow cycles and calculating element-wise modularity.
Recently, Kudla [17] and Rosu-Yott [19] generalized Kudla-Millson’s work by chang-
ing the signature of the quadratic form. They studied special cycles in the cohomology
groups only, so they did not generalize Yuan-Zhang-Zhang’s work. In this paper, we
shall generalize the results of Yuan-Zhang-Zhang [22] under the Beilinson-Bloch con-
jecture. In the same setting as [17], [19] and assuming the Beilinson-Bloch conjecture
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on the injectivity of the higher Abel-Jacobi map, we prove the modularity of the gen-
erating series of special cycles in the Chow groups. (For the precise statement, see
Theorem 1.5 and Theorem 1.6.)
After the first version of this paper was written, the author learned that Kudla
obtained similar results in his recent preprint [17]. His results and proof are different
from ours. More precisely, in [17], he assumed the Beilinson-Bloch conjecture for Chow
cycles of codimension er, and proved the absolute convergence and the modularity of
the generating series. If e “ 1 and r ě 2, his results in [17] are different from the results
of Yuan-Zhang-Zhang [22]. On the other hand, in this paper, we shall generalize the
results of Yuan-Zhang-Zhang [22]. Even if r ě 2, we assume the Beilinson-Bloch
conjecture for Chow cycles of codimension e only. However, we cannot prove the
absolute convergence. Assuming the absolute convergence, we prove the modularity
by induction on r by the methods of [22]. (For details, see Remark 1.10.)
1.1. Special cycles on Shimura varieties of orthogonal type. Before giving the
statement of our results, we briefly recall the setting of Kudla [13], [17] and Rosu-Yott
[19].
Let d and e be positive integers satisfying 1 ď e ă d. Let F be a totally real field
of degree d with real embeddings σ1, . . . , σd. Let V be a non-degenerate quadratic
space of dimension n ` 2 over F whose signature is pn, 2q at σ1, . . . , σe and pn ` 2, 0q
at σe`1, . . . , σd. We put Vσi,C :“ V bF,σi C and PpVσi,Cq :“ pVσi,Czt0uq{Cˆ. Let
Di Ă PpVσi,Cq be the Hermitian symmetric domain defined as follows:
Di :“ tv P Vσi,Czt0u | xv, vy “ 0, xv, v¯y ă 0u{Cˆ p1 ď i ď eq.
We put D :“ D1 ˆ ¨ ¨ ¨ ˆ De. Let GSpinpV q be the general spin group of V over F ,
which is a connected reductive group over F . We put G :“ ResF {QGSpinpV q and
consider the Shimura varieties associated with pG,Dq. Then, for any open compact
subgroup Kf Ă GpAfq, the Shimura datum (G,D) gives a Shimura variety MKf over
C, whose C-valued points are given as follows:
MKf pCq “ GpQqzpD ˆGpAfqq{Kf .
Here Af is the ring of finite ade`les of Q. We remark that MKf has a canonical model
over a number field called the reflex field. Hence MKf is canonically defined over Q.
In this paper, Q is an algebraic closure of Q embedded in C. By abuse of notation,
in this paper, the canonical model of MKf over Q is also denoted by the same symbol
MKf . Then the Shimura variety MKf is a projective variety over Q since 1 ď e ă d.
It is a smooth variety over Q if Kf is sufficiently small.
For i “ 1, . . . , e, let Li P PicpDiq be the line bundle which is the restriction of
OPpVσi,Cq
p´1q to Di. By pulling back to D, we get p˚i Li P PicpDq, where pi : D Ñ Di
are the projection maps. These line bundles descend to LKf ,i P PicpMKf q bZ Q and
thus we obtain L :“ LKf ,1 b ¨ ¨ ¨ bLKf ,e on MKf .
We shall define special cycles following Kudla [13], [17] and Rosu-Yott [19]. Let
W Ă V be a totally positive subspace over F . We denote GW :“ ResF {QGSpinpWKq.
Let DW :“ DW,1 ˆ ¨ ¨ ¨ ˆ DW,e be the Hermitian symmetric domain associated with
GW , where
DW,i :“ tw P Di | @v PWσi , xv, wy “ 0u p1 ď i ď eq.
Then we have an embedding of Shimura data pGW , DW q ãÑ pG,Dq. For any open
compact subgroup Kf Ă GpAfq and g P GpAfq, we have an associated Shimura variety
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MgKf g´1,W over C:
MgKf g´1,W pCq “ GW pQqzpDW ˆGW pAfqq{pgKfg´1 XGW pAf qq.
Assume that Kf is neat so that the following morphism
MgKfg´1,W pCq ÑMKf pCq
rτ, hs ÞÑ rτ, hgs
is a closed embedding [17, Lemma 4.3]. Let ZpW, gqKf be the image of this morphism.
We consider ZpW, gqKf as an algebraic cycle of codimension epn ` 2 ´ dimF W q on
MKf defined over Q.
For any positive integer r and x “ px1, . . . , xrq P V r, let Upxq be the F -subspace of
V spanned by x1, . . . , xr. We define the special cycle in the Chow group
Zpx, gqKf P CHerpMKf qC :“ CHerpMKf q bZ C
by
Zpx, gqKf :“ ZpUpxq, gqKf pc1pL _Kf ,1q ¨ ¨ ¨ c1pL _Kf ,eqqr´dimUpxq
if Upxq is totally positive. Otherwise, we put Zpx, gqKf :“ 0.
For a Bruhat-Schwartz function φf P SpV pAfqrqKf , Kudla’s generating function is
defined to be the following formal power series with coefficients in CHerpMKf qC in the
variable τ “ pτ1, . . . , τdq P pHrqd:
Zφf pτq :“
ÿ
xPGpQqzV r
ÿ
gPGxpAf qzGpAf q{Kf
φfpg´1xqZpx, gqKf qT pxq.
Here Gx Ă G is the stabilizer of x, Hr is the Siegel upper half plane of genus r, T pxq
is the moment matrix 1
2
ppxi, xjqqi,j, and
qT pxq :“ expp2π?´1
dÿ
i“1
Tr τiσiT pxqq.
For a C-linear map ℓ : CHerpMKf qC Ñ C, we put
ℓpZφf qpτq :“
ÿ
xPGpQqzV r
ÿ
gPGxpAf qzGpAf q{Kf
φfpg´1xqℓpZpx, gqKf qqT pxq,
which is a formal power series with complex coefficients in the variable τ P pHrqd
1.2. The Beilinson-Bloch conjecture. In 1980’s, Beilinson and Bloch formulated a
series of influential conjectures on algebraic cycles. We review the statement of a part
of the Beilinson-Bloch conjecture which is needed in the main theorem of this paper.
Our main reference is [1]. More generally, the Beilinson-Bloch conjecture is formulated
in the theory of mixed motives, but we do not need the full version and need only a
part of it for smooth projective varieties over number fields. We recommend [11] to
the readers who want to know the Beilinson-Bloch conjecture in the theory of mixed
motives.
In this subsection, let k be a field of characteristic 0 embedded in C. Let X be a
smooth projective variety over k. Let
clm : CHmpXq Ñ H2mpX,Qq :“ H2mpXpCq,Qq
be the cycle map. We put CHm
hom
pXq :“ Kerpclmq.
The following is a generalization of the Birch and Swinnerton-Dyer conjecture.
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Conjecture 1.1. (Beilinson-Bloch conjecture [1, Conjecture 5.0]) Assume that k is
a number field. Then the group CHm
hom
pXq is finitely generated and the rank of
CHm
hom
pXq is equal to the order of zero of the Hasse-Weil L-function LpH2m´1e´t pX bk
k,Qℓq, sq at s “ m for any prime ℓ.
We recall another conjecture which is also considered as a part of the Beilinson-Bloch
conjecture. By Hodge theory, we have the Hodge decomposition
HrpX,Cq “ à
p`q“m
Hp,q,
where Hp,q :“ HqpX,Ωpq and a Hodge filtration  F iHm(m
i“0
on Hm is defined by
F iHm :“à
pěi
Hp,m´p.
The the m-th intermediate Jacobian of X (or the Griffiths Jacobian of X ) is defined
by
J2m´1pXq :“ H2m´1pX,Cq{pFmH2m´1pX,Cq ‘H2m´1pX,Zpmqqq.
Then we have the m-th higher Abel-Jacobi map:
AJm : CHm
hom
pXqQ :“ CHmhompXq bZ Q Ñ J2m´1pXqQ :“ J2m´1pXq bZ Q.
Here we can state another conjecture which is a part of version of the Beilinson-Bloch
conjecture.
Conjecture 1.2. (Beilinson-Bloch conjecture [1, Lemma 5.6]) The m-th higher Abel-
Jacobi map AJm is injective.
Conjecture 1.1 or Conjecture 1.2 suggests the following is true. Recall that Q is an
algebraic closure of Q embedded in C.
Conjecture 1.3. Let X be a smooth projective variety over Q. If H2m´1pX,Qq “ 0,
then CHm
hom
pXqQ “ 0. In particular, the cycle map tensored with Q
clmQ : CH
mpXqQ :“ CHmpXq bZ Q Ñ H2mpX,Qq
is injective.
Remark 1.4. When m “ 1 and X is a smooth projective curve over C, the map AJ1
is the usual Abel-Jacobi map, so we get an isomorphism between the Picard group
and the Jacobian. See [11, Section 1.4]. From this, it is easy to see that Conjecture
1.2 and Conjecture 1.3 are true when m “ 1.
1.3. Main results. Let notation be as in Section 1.1.
If n ě 3, our main result in this paper is:
Theorem 1.5. Assume n ě 3 and Conjecture 1.3 for the Shimura variety MKf for
m “ e. Let r ě 1 be a positive integer.
(1) If ℓ : CHerpMKf qC Ñ C is a linear map over C such that ℓpZφf qpτq is absolutely
convergent, then ℓpZφf qpτq defines a Hilbert-Siegel modular form of genus r and
weight 1` n{2.
(2) If r “ 1, for any linear map ℓ : CHepMKf qC Ñ C, the formal power series
ℓpZφf qpτq is absolutely convergent and we get a Hilbert modular form of weight
1` n{2.
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If n ď 2, we need to embed MKf into a larger Shimura variety. Let W be a totally
positive quadratic space of dimension ě 3 over F and we put G1 :“ ResF {QGSpinpV ‘
W q. We may assume there is an open compact subgroup K 1f Ă G1pAfq such that
Kf “ K 1fXGpAfq. LetM 1K 1
f
be the Shimura variety associated with G1 and K 1f defined
over Q. Then we have an embedding of Shimura varieties MKf ãÑ M 1K 1
f
defined over
Q.
Theorem 1.6. Assume n ď 2 and Conjecture 1.3 for the larger Shimura variety M 1
K 1
f
for m “ e. Let r ě 1 be a positive integer.
(1) If ℓ : CHerpMKf qC Ñ C is a linear map over C such that ℓpZφf qpτq is absolutely
convergent, then ℓpZφf qpτq defines a Hilbert-Siegel modular form of genus r and
weight 1` n{2.
(2) If r “ 1, for any linear map ℓ : CHepMKf qC Ñ C, the formal power series
ℓpZφf qpτq is absolutely convergent and we get a Hilbert modular form of weight
1` n{2.
Remark 1.7. If ℓ factors through a linear map ℓ1 : H2erpMKf ,Cq Ñ C, Theorem 1.5
and Theorem 1.6 were proved unconditionally by Kudla [17, Section 5.3] and Rosu-Yott
[19, Theorem 1.1].
Remark 1.8. When e “ 1, we recover the results of Yuan-Zhang-Zhang. (Note that
Conjecture 1.3 is true when m “ 1. See Remark 1.4.) This case is called Kudla’s
modularity conjecture, stated by Kudla in [16, Section 3.2, Problem 1] and proved
unconditionally by Yuan-Zhang-Zhang in [22, Theorem 1.2].
Remark 1.9. We do not know the absolute convergence of the generating series
ℓpZφf qpτq. When F “ Q and d “ e “ 1, Bruinier and Westerholt-Raum proved
unconditionally that ℓpZφf qpτq is absolutely convergent for any ℓ in [6, Corollary 1.4].
Remark 1.10. In his recent preprint [17], Kudla proved the absolute convergence and
the modularity of generating series in the same setting as ours, assuming Conjecture
1.3 for Shimura varieties associated with quadratic spaces of sufficiently large rank.
1.4. Outline of the proof of Theorem 1.5 and Theorem 1.6. We follow the
strategy of Yuan-Zhang-Zhang [22].
First, we shall prove Theorem 1.5 (2). To prove Theorem 1.5 (2), we calculate the
cohomology of the Shimura variety MKf . By the Matsushima formula, we conclude
H2e´1pMKf ,Cq “ 0.
Since we are assuming Conjecture 1.3 holds forMKf andm “ e, the cycle map tensored
with C
cleC : CH
epMKf qC Ñ H2epMKf ,Cq
is injective. Hence every C-linear map CHepMKf qC Ñ C is extended to a C-linear map
H2epMKf ,Cq Ñ C. We can deduce Theorem 1.5 (2) from the results of Kudla [17,
Section 5.3] and Rosu-Yott [19, Theorem 1.1].
Then we shall prove Theorem 1.6 (2) by the intersection formula [22, Proposition
2.6] and the pull-back formula [22, Proposition 3.1].
Finally, we deduce Theorem 1.5 (1) from Theorem 1.5 (2) and deduce Theorem 1.6
(1) from Theorem 1.6 (2). When r ě 2, we prove Theorem 1.5 (1) and Theorem 1.6
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(1) by induction on r. We put J :“
ˆ
0 ´1r
1r 0
˙
P GL2rpF q. The symplectic group
Sp2rpF q :“
"
g P GL2rpF q
ˇˇˇˇ
tgJg “ J
*
is generated by the Siegel parabolic subgroup P pF q and an element w1 P Sp2rpF q.
Here
P pF q :“
"ˆ
A B
0 D
˙
P Sp2rpF q
*
and w1 is the image of
ˆ
0 ´1
1 0
˙
by the injection
SL2 ãÑ Sp2rˆ
a b
c d
˙
ÞÑ
¨˚
˚˝a 0 b 00 1r´1 0 0
c 0 d 0
0 0 0 1r´1
‹˛‹‚.
We consider a function Zφf pg1q on the metaplectic group Mp2rpAF q which is a lift of
Zφf pτq. It suffices to prove that the function Zφf pg1q is invariant under the action of
P pF q and w1. A direct calculation shows the invariance under the action of an element
of P pF q. To prove the invariance under w1, we use the Poisson summation formula to
reduce to the case r “ 1.
1.5. Outline of this paper. In Section 2, we recall some facts about special cycles
and Weil representations. In Section 3, we calculate the cohomology of a Shimura
variety and prove Theorem 1.5 (2) and Theorem 1.6 (2). Finally, in Section 4, we
complete a proof of Theorem 1.5 and Theorem 1.6.
2. Special cycles and Weil representations
In this section, we recall and extend some properties of special cycles in Chow groups.
We also note about Weil representations since in the proof of our main results, we use
the function on Mp2rpAF q, the metaplectic double cover of Sp2rpAF q, lifting Zφf pτq.
For more details, see [22].
2.1. Special cycles. Let W be an F -vector subspace ofpV :“ V bQ Af .
We say W is admissible if the restriction of the inner product to W is F -valued
and totally positive. We say an element x “ px1, . . . , xrq P pV r is admissible if the
F -subspace of pV spanned by x1, . . . , xr is admissible. The following lemma shows
admissibility is useful for description of special cycles.
Lemma 2.1. An F -subspace W of pV is admissible if and only if there exists an
F -subspace W 1 of V and g P GpAfq such that W “ gW 1.
Proof. See [22, Lemma 2.1]. 
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By the above lemma, for an admissible subspace W “ g´1W 1, we define ZpW qKf :“
ZpW 1, gqKf . In the same way, for an admissible element x “ g´1x1, we write ZpxqKf :“
Zpx1, gqKf . Moreover, for τ P pHrqd and g1 P Mp2rpAF q, we get the following descrip-
tions:
Zφf pτq “
ÿ
xPKf zpV r
admissible
φfpxqZpxqKf qT pxq
Zφf pg1q “
ÿ
xPKf zpV r
admissible
ωfpg1fqφfpxqZpxqKfWT pxqpg18q
By [22, Proposition 2.2], the scheme-theoretic intersection of two cycles ZpW1qKf and
ZpW2qKf is the union of ZpW q indexed by admissible classes W in
KfzpKfW1 `KfW2q.
We shall investigate the intersection of two cycles in the Chow group.
Proposition 2.2. Let ωKf be a canonical bundle onMKf . Then, for sufficiently small
Kf , we have a canonical isomorphism:
ωKf – L n b det V _.
Proof. It suffices to prove the assertion at each real place. Hence it follows from [22,
Lemma 2.5]. 
Proposition 2.2 and [22, Proposition 2.6] lead to the following proposition.
Proposition 2.3. The intersection of two cycles ZpW1qKf and ZpW2qKf in the Chow
group is given by the sum of ZpW qKf indexed by admissible classes W in
KfzpKfW1 `KfW2q.
Proof. See the proof of [22, Proposition 2.6]. 
2.2. The pull-back formula. Here we study the behavior of special cycles under the
pull-back map. Let W Ă V be a totally positive F -vector subspace. There exists a
natural morphism
iW : MKf ,W ÑMKf ,
which is a closed embedding if Kf is sufficiently small. Therefore we get a pull-back
map of Chow groups:
i˚W : CH
erpMKf q Ñ CHerpMKf ,W q.
For g1 “ pg1f , g18q P Mp2rpAF q “ Mp2rpAF,fq ˆMp2rpF8q, we define
i˚W pZφf qpg1q :“
ÿ
xPKf zpV r
admissible
ωfpg1fqφfpxqi˚W pZpxqKf qWT pxqpg18q.
For a Bruhat-Schwartz function φ2,f P SppyWKqrq, the theta function is defined by
θφ2,f pg1q :“
ÿ
zPW r
ωApg1qpφ2,f b ϕd`qpzq.
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Proposition 2.4. For a Kf -invariant Bruhat-Schwartz function
φf “ φ1,f b φ2,f P SppV rq “ SpxW rq bC SppyWKqrq,
we have
i˚W pZφf pg1qq “ Zφ1,f pg1qθφ2,f pg1q.
Proof. Proposition 2.3 implies that the assertion is proved by the same way as [22,
Proposition 3.1]. 
2.3. Weil representations. Let ψ : F zAF Ñ Cˆ be the composite of the trace map
F zAF Ñ QzA and the usual additive character
QzA Ñ Cˆ
pxvqv ÞÑ expp2π
?´1px8 ´
ÿ
vă8
xvqq,
where xv is the class of xv in Qp{Zp.
LetW be a symplectic vector space of dimension 2r over F . We consider a reductive
dual pair pOpV q, SppW qq in SppV bF W q. Then we get a Weil representation ω which
is the action of Mp
2rpAF qˆOpV pAF qq on SpV pAF qrq. Let ω8, ωf , and ωA the action of
Mp
2rpF8q on SpV pF8qrq, Mp2rpAF,fq on SpV pAF,fqrq, and Mp2rpAF q on SpV pAF qrq,
respectively. Here we put F8 :“ F bQ R –
śd
i“1R.
Now, we introduce the Whittaker function. We shall use the same notation as in
[13]. Let pV`, p, q`q be a positive definite quadratic space of dimension m over R. Let
ϕ` P SpV r`q be the Gaussian defined by
ϕ`pxq :“ expp´πppx1, x1q` ` ¨ ¨ ¨ ` pxr, xrq`qq px “ px1, . . . , xrq P V r`q.
The function ϕ` is an eigenvector with respect to the Weil representation ω8:
ω8pg8qϕ` “ detpg8qm{2ϕ` pg8 P Mp2rpRqq.
For a symmetric matrix T P SymrpRq of size rˆr, we take an element x P V r` satisfying
1
2
px, xq` “ T . For g8 P Mp2rpRq, we define the Whittaker function by
WT pg8q :“ ω8pg8qϕ`pxq.
For T P SymrpF q and
g18 “ pg18,1, . . . , g18,dq P Mp2rpF8q –
dź
i“1
Mp
2rpRq,
we set
WT pg18q :“ WTσ1 pg18,1q ¨ ¨ ¨WTσd pg18,dq.
For g1 “ pg1f , g18q P Mp2rpAF q “ Mp2rpAF,fq ˆMp2rpF8q, we put
Zφf pg1q :“
ÿ
xPGpQqzV r
ÿ
gPGxpAf qzGpAf q{Kf
ωfpg1fqφfpg´1xqZpx, gqKfWT pxqpg18q.
By the Fourier expansion, we consider Zφf pg1q as a formal power series with coefficients
in CHerpMKf qC. Therefore, the modularity of the generating series Zφf pτq is equivalent
to the left Sp
2rpF q-invariance of the function Zφf pg1q on Mp2rpAF q.
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3. Proof of Theorem 1.5 (2) and Theorem 1.6 (2)
3.1. Cohomology of Shimura varieties of orthogonal type. In this subsection,
we shall prove if n ě 3, then
H2e´1pMKf ,Cq “ 0.
Recall that we have
MKf pCq –
ž
Γ
XΓ,
where XΓ “ ΓzD and Γ is a cocompact congruence subgroup of
SO0pV bQ Rq – SO0pn, 2qe ˆ SOpn ` 2qd´e.
Here SO0pV bQRq, SO0pn, 2q denote the identity components of SOpV bQRq, SOpn, 2q,
respectively. Therefore, it is enough to show H2e´1pXΓ,Cq “ 0.
We put G1 :“ ResF {QpV q and g1 :“ pLieG1q bR C. We put
G1i :“
#
SO0pn, 2q p1 ď i ď eq
SOpn` 2q pe ` 1 ď i ď dq,
g
1
i :“ LiepG1iq bR C. We also put
K 1i :“
#
SOpnq ˆ SOp2q p1 ď i ď eq
SOpn` 2q pe` 1 ď i ď dq
and K 1 :“ K 1
1
ˆ ¨ ¨ ¨ ˆK 1d. By the Matsushima formula, we can write the cohomology
of XΓ as follows:
H2e´1pXΓ,Cq –
à
πP{G1pRq
IntΓpπq bC H2e´1pg1, K 1; πq.
Here {G1pRq is the set of irreducible unitary representations of G1pRq, IntΓpπq is the
one appearing in the decomposition
L2pΓzG1pRqq – xâ
πP{G1pRq
IntΓpπq b π.
Since π is an irreducible unitary representation, π decomposes as π – pbdi“1πi. See [8,
Theorem 1.2].
Then by the Ku¨nneth formula [3, Section 1.3], we have
(3.1) H2e´1pg1, K 1; πq – à
i1`¨¨¨`id“2e´1
dâ
k“1
H ikpg1k, K 1k; πkq.
For e`1 ď i ď d, we have Hjpg1i, K 1i; πiq “ 0 for any j ě 1 since SOpn`2q is compact.
Therefore (3.1) can be written as follows:
H2e´1pg1, K 1; πq(3.2)
–
ˆ à
i1`¨¨¨`ie“2e´1
eâ
k“1
H ikpg1k, K 1k; πkq
˙
bC
dâ
k“e`1
H0pg1k, K 1k; πkq.
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Lemma 3.1. Assume n ě 3. For 1 ď i ď e, if πi is non-trivial, then we have
Hjpg1i, K 1i; πiq “ 0
for j “ 0, 1.
Proof. See [20, Theorem 8.1] and the Kumaresan vanishing theorem [18, Section
3]. 
In the rest of this subsection, we assume n ě 3. Then, by Lemma 3.1, we can write
(3.2) as follows:
H2e´1pg1, K 1; πq(3.3)
–
ˆ à
i1`¨¨¨`ie“2e´1
1ďDjďe, πj :trivial
eâ
k“1
H ikpg1k, K 1k; πkq
˙
bC
dâ
k“e`1
H0pg1k, K 1k; πkq.
Here we need the following lemma.
Lemma 3.2. Let L be a totally real number field, V a non-degenerate quadratic space
of dimension n`2 over L, and π – bvπv an automorphic representation of SOpV qpALq.
If there exists an archimedean place w such that SOpV qpLwq – SOpn, 2q and the
restriction of πw to the identity component of SOpV qpLwq is the trivial representation,
then πv is a character for any places v.
Proof. See [7, Lemma 3.24]. 
The connected Lie group SO0pn, 2q is semisimple and has no compact factor. Hence
πi is the trivial representation for every 1 ď i ď e. See [21, Section 4.3.2, Example 4].
Then (3.3) becomes as follows:
H2e´1pg1, K 1; πq(3.4)
–
ˆ à
i1`¨¨¨`ie“2e´1
eâ
k“1
H ikpg1k, K 1k; 1q
˙
bC
dâ
k“e`1
H0pg1k, K 1k; πkq.
Finally by [2, Section 5.10], for 1 ď i ď e, we have Hspg1i, K 1i; 1q “ 0 if s is odd.
Thus,
H2e´1pg1, K 1; πq “ 0.
Combining the above results, we get the following theorem.
Theorem 3.3. Assume n ě 3. Then we have
H2e´1pMKf ,Cq “ 0.
Corollary 3.4. Assume n ě 3. Assume moreover that Conjecture 1.3 holds for MKf
and m “ e. Then the cycle map tensored with C
cleC : CH
epMKf qC Ñ H2epMKf ,Cq
is injective.
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3.2. Proof of Theorem 1.5 (2) and Theorem 1.6 (2). If n ě 3, by Corollary 3.4,
the assertion follows from the results of Kudla [17, Section 5.3] and Rosu-Yott [19,
Theorem 1.1].
If n ď 2, we take a totally positive quadratic space W of dimension ě 3 over F .
We embed V into V ‘W . For any Kf -invariant Bruhat-Schwartz functions φf P SppV q
and φ1f P SpxW q, using the pull-back formula (Proposition 2.4), we get
i˚pZφfbφ1f qpg1q “ Zφf pg1qθφ1f pg1q
for any g1 P Mp
2
pAF q. Since Zφfbφ1f pg1q and θφ1f pg1q are absolutely convergent and left
SL2pF q-invariant, we conclude that Zφf pg1q is absolutely convergent and left SL2pF q-
invariant.
The proof of Theorem 1.5 (2) and Theorem 1.6 (2) is complete.
4. Proof of Theorem 1.5 (1) and Theorem 1.6 (1)
4.1. Invariance under the Siegel parabolic subgroup. For a P GLrpF q and u P
SymrpF q, we put mpaq :“
ˆ
a 0
0 ta´1
˙
and npuq :“
ˆ
1 u
0 1
˙
. The elements mpaq and
npuq generate the Siegel parabolic subgroup P pF q Ă Sp
2rpF q.
For g1 P Mp2rpAF q, its infinity component in Mp2rpF8q –
śd
i“1Mp2rpRq is denoted
by g18 “ pg18,1, . . . , g18,dq. For 1 ď i ď d, we consider the Iwasawa decomposition of
g18,i:
g18,i “
ˆ
1 si
0 1
˙ˆ
ti 0
0 tt´1i
˙
ki psi P SymrpRq, ti P GL`r pRq, ki P K8q,
where
K8 :“
"ˆ
p q
´q p
˙
P Sp2rpRq
ˇˇˇˇ
pp`?´1qq tpp´?´1qq “ 1r
*
.
For T P SymrpRq, the Whittaker function satisfies the following formula:
WT pg18,iq “ | detpsiq|pn`2q{4 expp2π
?´1pTrpτiT qqq detpkiqpn`2q{2
where τi “ si ` ititti.
By [14, Part I, Section 1], npuq acts as follows:
ωf pnpuqfqφf pxq “ ψf pTrpufT pxqqqφfpxq.
Thus, we have
ωfpnpuqfg1fqpφfqpxqZpxqKf
dź
i“1
WT pxqpnpuq8,ig18,iq
“ ψf pTrpufT pxf qqqωfpg1fqφfpxqZpxqKfψ8p
dÿ
i“1
Trpui,8T pxq8,iqq
dź
i“1
WT pxqpg18,iq
“ ψpTrpuT pxqqqωfpg1fqφfpxqZpxqKf
dź
i“1
WT pxqpg18,iq
“ ωfpg1fqpφfqpxqZpxqKf
dź
i“1
WT pxqpg18,iq.
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Therefore, we have the term-wise invariance under npuq:
ωf pnpuqfg1fqpφfqpxqZpxqKfWT pxqpnpuq8g18q “ ωfpg1fqpφfqpxqZpxqKfWT pxqpg18q.
By the same way, we have
ωfpmpaqfg1fqpφfqpxqZpxqKfWT pxqpmpaq8g18q “ ωfpg1fqpφfqpxaqZpxqKfWT pxaqpg18q
for any a P GLrpF q.
On the other hand. we have Upxq “ Upxaq, so Zφf pxq “ Zφf pxaq. Therefore,
combining the above calculation and the fact Zφf pxq “ Zφf pxaq, we conclude that
Zφf pωfpmpaqqg1q “
ÿ
xPKf zpV r
admissible
ωfpg1fqφfpxaqZpxaqKfWT pxaqpg18q
“
ÿ
xPKf zpV r
admissible
ωfpg1fqφfpxqZpxqKfWT pxqpg18q
“ Zφf pg1q.
This shows Zφf pg1q is invariant under the action of the Siegel parabolic subgroup P pF q.
4.2. Invariance under w1. By Proposition 2.4, we get following expression. (For
details, see [22].)
Zφf pτq “
ÿ
yPKzpV r´1
admissible
ÿ
x2PFy
ÿ
x1PKf,yzy
K
admissible
φf px1 ` x2, yqZpx1qKf,yqT px1`x2,yq
Thus we have
Zφf pg1q “
ÿ
yPKf zpV r´1
admissible
ÿ
x2PFy
ÿ
x1PKf,yzy
K
admissible
ωfpg1fqφfpx1 ` x2, yqZpx1qKf,yWT px1 ` x2, yqpg18q
“
ÿ
yPKf zpV r´1
admissible
ÿ
x2PFy
ÿ
x1PKf,yzy
K
admissible
ωApg1qpφf b ϕd`qpx1 ` x2, yqZpx1qKf,y .
Here φxpx, yq is the partial Fourier transformation with respect to the first coordinate.
Now, by Theorem 1.5 (2) and Theorem 1.6 (2), we have
Zφf pw1g1q “
ÿ
yPKf zpV r´1
admissible
ÿ
x2PFy
ÿ
x1PKf,yzy
K
admissible
ωApg1qpφf b ϕd`qx2px1 ` x2, yqZpx1qKf,y .
Here we use the fact that
ωApw1qpφf b ϕd`qpx, yq “ pφf b ϕd`qxpx, yq.
By the Poisson summation formula, this equals toÿ
yPKf zpV r´1
admissible
ÿ
x2PFy
ÿ
x1PKf,yzy
K
admissible
ωApg1qpφf b ϕd`qpx1 ` x2, yqZpx1qKf,y ,
which coincides with the definition of Zφf pg1q. Therefore, we get
Zφf pw1g1q “ Zφf pg1q.
This shows the function Zφf pg1q is invariant under w1.
The proof of Theorem 1.5 and Theorem 1.6 is complete.
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